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BOUNDARY VALUE PROBLEMS IN EUCLIDEAN SPACE
FOR BOSONIC LAPLACIANS
CHAO DING, PHUOC-TAI NGUYEN, AND JOHN RYAN
Abstract. A bosonic Laplacian is a conformally invariant second or-
der differential operator acting on smooth functions defined on domains
in Euclidean space and taking values in higher order irreducible rep-
resentations of the special orthogonal group. In this paper, we study
boundary value problems involving bosonic Laplacians in the upper-
half space and the unit ball. Poisson kernels in the upper-half space
and the unit ball are constructed, which give us solutions to the Dirich-
let problems with Lp boundary data, 1 ≤ p ≤ ∞. We also prove the
uniqueness for solutions to the Dirichlet problems with continuous data
for bosonic Laplacians and provide analogs of some properties of har-
monic functions for null solutions of bosonic Laplacians, for instance,
Cauchy’s estimates, the mean-value property, Liouville’s Theorem, etc.
Keywords: Bosonic Laplacians, Dirichlet problem, Mean-value property,
Liouville’s Theorem, Cauchy’s estimates.
2000 Mathematics Subject Classification: 42Bxx, 42B37, 35J25, 35B53.
1. Introduction
Boundary value problems are extremely important as they model a large
amount of phenomena and applications, such as solid mechanics, heat trans-
fer, fluid mechanics, acoustic diffusion, etc. Among the earliest boundary
value problems to be investigated are the Dirichlet problems of Laplace’s
equation and Poisson’s equation. These problems are frequently studied
in many branches of physics, for instance, electrostatics, gravitation and
fluid dynamics. Thus, the study of boundary value problems of Laplace’s
equation is considered as one of the most important topics in classical har-
monic analysis, more details can be found in [1, 17]. Here we investigate
a type of second order conformally invariant differential operators, named
as bosonic Laplacians. These differential operators act on functions tak-
ing values in irreducible representations of SO(m), hence of the spin group
Spin(m). In this case, these representation spaces are realized as the spaces
of scalar-valued homogeneous harmonic polynomials. In particular, when
the degree of the space of homogeneous harmonic polynomials is zero, the
bosonic Laplacian reduces to the classical Laplacian. Bargmann and Wigner
[3] showed that particles should correspond to irreducible representations of
the Lorentz group, labelled by a quantum number called spin. Thus, we also
named the representation spaces mentioned above as higher spin spaces, see
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[6, 10, 12]. We discover that bosonic Laplacians also have many properties
similar to those of the classical Laplacian, for instance, Cauchy’s estimates,
the mean-value property, Liouville’s Theorem, the Poisson kernel, etc. In
order to facilitate calculations, Clifford analysis and algebras are needed.
The first investigation on this type of differential operators can be traced
back to the Stein-Weiss gradients introduced in [17] in 1968. The authors
provided a technique to construct first order conformally invariant differ-
ential operators through a certain projection. Explicit expressions of con-
formally invariant differential operators in the higher spin spaces have been
provided in [4, 11, 6, 12, 10] with different approaches via Clifford analysis.
In particular, the second order conformally invariant differential operators,
which have integer spin, are named as bosonic Laplacians (also called the
higher spin Laplace operators in [6]) in analogy with bosons in physics,
which are particles of integer spin. Further, Clerc and Ørsted [5] used
a representation-theoretic framework to show the relations between these
conformally invariant differential operators and Knapp-Stein intertwining
operators. In [8, 9], a Borel-Pompeiu formula and a Cauchy’s (or Green’s)
integral formula for these conformally invariant differential operators were
provided for the first time. These results are of interest and motivate a
study of boundary value problems involving the aforementioned operators
which have not been well understood yet.
In this paper, we carry out an investigation of boundary value problems
involving bosonic Laplacians. The intricate form of these operators, together
with the interaction of the two variables and the rotation action on the sec-
ond variable, leads to the invalidity of some classical techniques and highly
complicates the analysis.
Main results: The contribution of the paper is the construction of the
Poisson kernels in the higher spin spaces in the upper-half space and the
unit ball. This leads to the existence of solutions to the Dirichlet problems
for bosonic Laplacians with Lp boundary data, 1 ≤ p ≤ ∞. This paper also
shows a counterpart of important results regarding the Laplace operator such
as the mean-value property, Cauchy’s estimates and Liouville’s Theorem,
etc. Our results extend the results regarding the first order higher spin
differential operators described by Stein and Weiss to the second order ones,
and form the basis for further study of PDEs involving bosonic Laplacians,
such as bosonic Hardy spaces and bosonic Bergman spaces.
Acknowledgements. Chao Ding and Phuoc-Tai Nguyen are supported by
Czech Science Foundation, project GJ19-14413Y.
2. Preliminaries
We begin with some basics of Clifford algebras. Let {e1, · · · ,em} be
a standard orthonormal basis for the m-dimensional Euclidean space Rm.
The (real) Clifford algebra Clm is generated by R
m with the relationship
eiej + ejei = −2δij , 1 ≤ i, j ≤ m. An arbitrary element of the basis of the
Clifford algebra can be written as eA = ej1 · · · ejr , where A = {j1, · · · , jr} ⊂
{1, 2, · · · ,m} and 1 ≤ j1 < j2 < · · · < jr ≤ m. Hence for any a ∈ Clm,
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we have a =
∑
A aAeA, where aA ∈ R, in particular, e∅ = 1. The m-
dimensional Euclidean space Rm is embedded into Clm with the mapping
x = (x1, · · · , xm) 7→
∑m
j=1 xjej. For x ∈ R
m, one can easily obtain that
|x|2 =
∑m
j=1 x
2
j = −x
2. For a =
∑
A aAeA ∈ Clm, we define the reversion
of a as a˜ =
∑
A(−1)
|A|(|A|−1)/2aAeA, where |A| is the cardinality of A. In
particular, ˜ej1 · · · ejr = ejr · · · ej1 . Also a˜b = b˜a˜ for a, b ∈ Clm.
For m ≥ 3, a theorem of Liouville tells us that the only conformal
transformations are Mo¨bius transformations. Ahlfors and Vahlen showed
that any Mo¨bius transformation in Rm ∪ {∞} can be expressed as y =
(ax + b)(cx + d)−1 with a, b, c, d ∈ Clm satisfying certain conditions.
Since y = (ax+ b)(cx + d)−1 = ac−1 + (b− ac−1d)(cx + d)−1, a conformal
transformation can be decomposed as compositions of translation, dilation,
reflection and inversion. This gives an Iwasawa decomposition for Mo¨bius
transformations. See [15] for more details.
The classical Dirac operator is defined as Dx =
∑m
j=1 ∂xjej , which fac-
torizes the Laplace operator ∆x = −D
2
x. Let Hk (1 ≤ k ∈ N) be the
space of real-valued homogeneous harmonic polynomials of degree k in m-
dimensional Euclidean space. If we consider a function f(x,u) ∈ C∞(Rm×
Rm,Hk), i.e., for a fixed x ∈ R
m, f(x,u) ∈ Hk with respect to u ∈ R
m.
Recall that bosonic Laplacians [12] are defined as
Dk : C
∞(Rm × Rm,Hk) −→ C
∞(Rm × Rm,Hk),
Dk = ∆x −
4〈u,Dx〉〈Du,Dx〉
m+ 2k − 2
+
4|u|2〈Du,Dx〉
2
(m+ 2k − 2)(m+ 2k − 4)
, (2.1)
where 〈 , 〉 is the standard inner product in Rm. In particular, D1 =
∆x −
4
m 〈u,Dx〉〈Du,Dx〉 is the generalized Maxwell operator. Further, it
reduces to the source-free classical Maxwell equations given in terms of the
Faraday-tensor when m = 4, k = 1 with signature (−,+,+,+). More
details can be found in [12].
3. Dirichlet problems of Bosonic Laplacians
In this section, we investigate Dirichlet problems involving bosonic Lapla-
cians in the upper-half space and the unit ball with different boundary data.
3.1. Poisson kernel in the upper-half space. We start this subsec-
tion by introducing some technical lemmas for the real-valued homoge-
neous harmonic polynomials. For x ∈ Rm+ , we write x = (x
′, y) with
x′ = (x1, · · · , xm−1) ∈ R
m−1 and y > 0. We claim that
Lemma 3.1. Suppose that fk(u) ∈ Hk and u ∈ R
m. Then there holds
cm,k
∫
Rm−1
y
|x|m
fk
(
xux
|x|2
)
dx′ = fk(u),
where cm,k =
2(m+2k−2)
(m−2)ωm
and ωm is the surface area of the unit sphere S
m−1.
Proof. Since fk(u) ∈ Hk, we see that fk
(
xux
|x|2
)
is bounded for each fixed
u ∈ Rm, x′ ∈ Rm−1, and y|x|m ∈ L
1(Rm−1, dx′) (see [1, Chapter 7]). Further,
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if we let x = yz, we derive that the integral
∫
Rm−1
y
|x|m fk
(
xux
|x|2
)
dx′ does not
depend on the value of y. Hence, we can assume that∫
Rm−1
y
|x|m
fk
(
xux
|x|2
)
dx′ =
P (u)
cm,k
,
where P (u) is a function of u and cm,k is a non-zero constant only depending
on m,k, and it will be determined later on. On the one hand, we have∫ ∞
0
1
1 + y2
dy
∫
Rm−1
y
|x|m
fk
(
xux
|x|2
)
dx′ =
π
2cm,k
P (u). (3.1)
On the other hand, if we denote x = rζ, where ζ = (ζ1, · · · , ζm) ∈ S
m−1,
then we obtain∫ ∞
0
1
1 + y2
dy
∫
Rm−1
y
|x|m
fk
(
xux
|x|2
)
dx′ =
∫
Rm
+
y
1 + y2
|x|−mfk
(
xux
|x|2
)
dx
=
∫
Sm−1
+
∫ ∞
0
ζm
1 + (rζm)2
drfk(ζuζ)dS(ζ) =
π
2
∫
Sm−1
+
fk(ζuζ)dS(ζ). (3.2)
Further, we notice that ζuζ is invariant under ζ → −ζ. Therefore, one
obtains ∫
Sm−1
+
fk(ζuζ)dS(ζ) =
1
2
∫
Sm−1
fk(ζuζ)dS(ζ).
From (3.1),(3.2) and [11, Lemma 6], we observe that
π
2cm,k
P (u) =
π
4
·
(m− 2)ωm
m+ 2k − 2
fk(u).
Therefore, we have P (u) = fk(u) and cm,k =
2(m+2k−2)
(m−2)ωm
as desired. 
Let Zk(u,v) be the reproducing kernel of the spherical harmonics (see
[1]) in the sense that
f(v) =
∫
Sm−1
Zk(u,v)f(u)dS(u), for all f(v) ∈ Hk.
Notice that a bosonic Laplacian Dk given in (2.1) is a second-order differ-
ential operator with respect to x, then yZk(u,v) is a trivial null solution of
Dk. Further, in [6, 10], the authors showed that Dk is a second-order con-
formally invariant differential operator, which is particularly conformally in-
variant under the following special conformal transformation K : f(x,u) 7→
K[f ](x,u) := |x|2−mf
(
x
|x|2
, xux
|x|2
)
.We applyK to yZk(u,v) to obtain a non-
trivial null solution of Dk given by
K[yZk(u,v)] = |x|
2−m y
|x|2
Zk
(
xux
|x|2
,v
)
=
y
|x|m
Zk
(
xux
|x|2
,v
)
.
Now, let t′ ∈ Rm−1, t = (t′, 0) = (t1, · · · , tm−1, 0), x ∈ R
m
+ , u ∈
Sm−1, v ∈ Bm, and set
PH(x, t,u,v) = cm,k
y
|x− t|m
Zk
(
(x− t)u(x− t)
|x− t|2
,v
)
. (3.3)
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The function PH is called the Poisson kernel of bosonic Laplacians in the
upper-half space. Notice that, in accordance to Lemma 3.1, we have∫
Rm−1
PH(x, t,u,v)dt
′ = Zk(u,v) x ∈ R
m
+ , u ∈ S
m−1, v ∈ Bm.
Now, we introduce an approximation property of the Poisson kernel PH .
Proposition 3.2. Let a ∈ Rm−1, x ∈ Rm+ , v ∈ B
m and δ > 0, then we have
lim
x→a
∫
|t′−a|>δ
∫
Sm−1
PH(x, t,u,v)dS(u)dt
′ = 0. (3.4)
Proof. Notice that∣∣∣∣ ∫
|t′−a|>δ
∫
Sm−1
PH(x, t,u,v)dS(u)dt
′
∣∣∣∣
≤
∫
|t′−a|>δ
∫
Sm−1
∣∣∣∣cm,k y|x− t|mZk
(
(x− t)u(x− t)
|x− t|2
,v
)∣∣∣∣dS(u)dt′
≤ cm,kωm dimHk
∫
|t′−a|>δ
y
|x− t|m
dt′,
where we have used the estimate |Zk(u,v)| ≤ dimHk for u,v ∈ S
m−1 (see
[1, Proposition 5.27]). By [2, Lemma 1.3.5 (c)], we obtain (3.4). 
For 1 ≤ p < ∞, let Lp(Rm−1 × Bm,Hk) be the space of Borel measurable
functions f on Rm−1 × Bm for which
‖f‖Lp(Rm−1×Bm,Hk) =
(∫
Rm−1
∫
Sm−1
|f(x′,u)|pdS(u)dx′
)1/p
< +∞. (3.5)
L∞(Rm−1×Bm,Hk) consists of the Borel measurable functions f on R
m−1×
Bm for which ‖f‖∞ < +∞, where ‖ · ‖∞ stands for the essential supremum
norm on Rm−1 × Bm. One might notice that, when we define the norm of
Lp, the integration of u is over Sm−1 instead of Bm, although u ∈ Bm. This
is because f(x′,u) is a homogeneous harmonic polynomial of degree k in u,
so the norm defined on Sm−1 is the same as the norm defined in Bm up to
a multiplicative constant. Indeed, one can easily see that
‖f‖p
Lp(Rm−1×Bm,Hk)
= (m+ kp)−1‖f‖p
Lp(Rm−1×Sm−1,Hk)
. (3.6)
The Poisson integral of f ∈ Lp(Rm−1 × Bm,Hk), p ∈ [1,∞], is given by
PH [f ](x,v) =
∫
Rm−1
∫
Sm−1
PH(x, t,u,v)f(t
′,u)dS(u)dt′, (3.7)
where x ∈ Rm+ , v ∈ B
m. By the boundedness of Zk(u,v), the fact that
y
|x−t|m ∈ L
q(Rm−1), 1/p+1/q = 1, and Ho¨lder’s inequality, we observe that
PH [f ] is well-defined for every x ∈ R
m
+ , v ∈ B
m.
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3.2. Dirichlet problem in the upper-half space. Now, we claim that
the Poisson integral given in (3.7) solves the following Dirichlet problem in
Rm+ .
Theorem 3.3 (Dirichlet problem in Rm+ with continuous and bounded
data). Suppose f ∈ C(Rm−1 × Bm,Hk) ∩ L
∞(Rm−1 × Bm,Hk). Define g
on Rm+ × B
m by
g(x,v) =
{
PH [f ](x,v), if x ∈ R
m
+ , v ∈ B
m,
f(x′,v), if x′ ∈ Rm−1, v ∈ Bm.
Then g is continuous in Rm+ with respect to x, Dkg = 0 in R
m
+ × B
m and
‖g‖L∞(Rm
+
×Bm) ≤ am,k‖f‖L∞(Rm−1×Bm), (3.8)
where am,k > 0 is a constant only depending on m and k.
Proof. First, from the expression of PH(x, t,u,v) given in (3.3), if we con-
sider a fixed derivative of PH(x, t,u,v) with respect to y, xj , j = 1, · · · ,m−
1 or uj, j = 1, · · · ,m, and assume V is a compact subset in R
m
+ , then for
any (x′, y) ∈ V and u ∈ Sm−1, the supremum of the derivative as a func-
tion of t and v , is integrable. This is due to the fact that PH(x, t,u,v) is
nonsingular when x is in a compact set in Rm+ . Hence, we can differentiate
under the integral sign to obtain that DkPH [f ] = 0.
Next we will show that g(x,v) is continuous in Rm+ with respect to x. Let
a ∈ Rm−1 and v ∈ Bm. By Lemma 3.1, we have
f(a,v) =
∫
Sm−1
Zk(u,v)f(a,u)dS(u)
=
∫
Rm−1
∫
Sm−1
PH(x, t,u,v)f(a,u)dS(u)dt
′.
(3.9)
Let δ > 0. From (3.9) and the estimate |Zk(u,v)| ≤ dimHk, we obtain
|g(x,v) − f(a,v)| = |PH [f ](x,v)− f(a,v)|
≤
∫
Rm−1
∫
Sm−1
|PH(x, t,u,v)(f(t
′,u)− f(a,u))|dS(u)dt′
≤ cm,k dimHk ·
∫
|t′−a|<δ
∫
Sm−1
y
|x− t|m
· |f(t′,u)− f(a,u)|dS(u)dt′
+ cm,k dimHk ·
∫
|t′−a|>δ
∫
Sm−1
y
|x− t|m
· |f(t′,u)− f(a,u)|dS(u)dt′.
Take arbitrarily ǫ > 0, we can choose δ > 0 small enough such that the
first integral is smaller than ǫ due to the facts that f(t′,u) is continuous at
a and
∫
Rm−1
y
|x−t|mdt
′ is bounded. The second integral above approaching
zero when x → a can be immediately obtained from Proposition 3.2. This
completes the proof of the continuity.
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Finally, we will prove (3.8). For any x ∈ Rm+ and v ∈ B
m, we have
|g(x,v)| =
∣∣∣∣ ∫
Rm−1
∫
Sm−1
PH(x, t,u,v)f(t
′,u)dS(u)dt′
∣∣∣∣
≤cm,k
∫
Rm−1
y
|x− t|m
∫
Sm−1
∣∣∣∣Zk((x− t)u(x− t)|x− t|2 ,v
)
f(t′,u)
∣∣∣∣dS(u)dt′
≤cm,k dimHk · ωm‖f‖L∞(Rm−1×Bm)
∫
Rm−1
y
|x− t|m
dt′
= : am,k‖f‖L∞(Rm−1×Bm).
The last second equality comes from [2, Lemma 1.3.5]. Hence, we obtain
(3.8). 
We now extend the result to the Dirichlet problem with Lp data.
Theorem 3.4 (Dirichlet problem with Lp data). Assume that 1 ≤ p < ∞
and f ∈ Lp(Rm−1 × Bm,Hk). Let g(x,v) = PH [f ](x,v) = PH [f ](x
′, y,v),
and for y > 0, we set gy(x
′,v) = PH [f ](x
′, y,v).
(1) There holds Dkg = 0 in R
m
+ × B
m.
(2) There exists a constant c′m,k > 0 depending on m and k such that, for
any y > 0, we obtain ‖gy‖Lp(Rm−1×Bm,Hk) ≤ c
′
m,k‖f‖Lp(Rm−1×Bm,Hk).
(3) We have ‖gy − f‖Lp(Rm−1×Bm,Hk) → 0 as y → 0.
Proof. For a fixed t = (t′, 0) with t′ ∈ Rm−1, we have DkPH(x, t,u,v) = 0.
Further, from the expression that PH(x, t,u,v) in (3.3), if we consider a
fixed derivative of PH(x, t,u,v) with respect to y, xj , j = 1, · · · ,m− 1 or
uj, j = 1, · · · ,m, and assume V is a compact subset in R
m
+ , then for any
(x′, y) ∈ V and u ∈ Sm−1, the supremum of the derivative as a function of
t and v , is in Lq(Rm−1 × Bm,Hk), where 1/p + 1/q = 1. This is because
PH(x, t,u,v) is nonsingular when x is in a compact set in R
m
+ . This allows
us to differentiate under the integral sign to conclude that DkPH [f ] = 0.
Next, we prove statement (2). By the Minkowski integral inequality, we
have
‖gy‖Lp(Rm−1×Bm,Hk)
=cm,k
(∫
Rm−1
∫
Sm−1
∣∣∣∣ ∫
Rm−1
∫
Sm−1
PH(x, t,u,v)f(t
′,u)dS(u)dt′
∣∣∣∣pdS(v)dx′) 1p
≤c′m,k
∫
Rm−1
∫
Sm−1
(∫
Rm−1
∫
Sm−1
∣∣∣∣ y|η|m f(x− η,u)
∣∣∣∣pdS(v)dx′) 1pdS(u)dη′
≤c′′m,k
∫
Rm−1
y
|η|m
dη′
(∫
Sm−1
∫
Rm−1
|f(x− η,u)|pdx′dS(u)
) 1
p
,
where η = (x′ − t′, y) =: (η′, y). This yields statement (2).
To prove statement (3), we denote fη(x,u) = f(x−η,u). Let ǫ > 0 and
in accordance to the continuity of the translation operator in the Lp norm
with p < ∞, we can choose δ > 0 so that ‖fη − f‖Lp(Rm−1×Bm,Hk) ≤ ǫ,
when |η| < δ. Then by the Minkowski integral inequality and the estimate
8 C. DING, P.T. NGUYEN, AND J. RYAN
|PH(η, 0,u,v)| ≤ dimHk
y
|η|m
, we obtain
‖gy − f‖Lp(Rm−1×Bm,Hk)
≤
∫
Rm−1
∫
Sm−1
(∫
Rm−1
∫
Sm−1
|PH(η, 0,u,v)(fη(x,u)− f(x
′,u))|pdS(v)dx′
) 1
p
dS(u)dη′
≤ a′m,k
∫
Rm−1
y
|η|m
∫
Sm−1
(∫
Rm−1
|fη(x,u)− f(x
′,u)|pdx′
) 1
p
dS(u)dη′
= a′m,k
∫
Rm−1
y
|η|m
‖fη − f‖Lp(Rm−1×Bm,Hk)dη
′.
This implies
‖gy − f‖Lp(Rm−1×Bm,Hk)
=a′m,k
(∫
|η|<δ
y
|η|m
‖fη − f‖Lp(Rm−1×Bm,Hk)dη
′
+
∫
|η|>δ
y
|η|m
‖fη − f‖Lp(Rm−1×Bm,Hk)dη
′
)
≤a′m,k
(
ǫ
∫
|η|<δ
y
|η|m
dη′ + 2‖f‖Lp(Rm−1×Bm,Hk)
∫
|η|>δ
y
|η|m
dη′
)
.
By a similar argument as in Theorem 3.3, we derive that the above two
integrals approach zero when y goes to zero. This completes the proof of
the last statement. 
3.3. Dirichlet problem in the unit ball. In this subsection, we will de-
rive the Poisson kernel for Bosonic Laplacians in the unit ball by applying a
particular Cayley transform, which is a Mo¨bius transformation mapping the
unit ball to the upper-half space. We need the following technical lemma.
Lemma 3.5. Let x, ζ ∈ Rm and φ(x) = (ax + b)(cx + d)−1 be a Mo¨bius
transformation. Then, one has
(1) |φ(x)− φ(ζ)| = |cx+ d|−1|x− ζ||cζ + d|−1,
(2) Zk
(
(φ(x) − φ(ζ))u(φ(x) − φ(ζ))
|φ(x) − φ(ζ)|2
,v
)
= Zk
(
(x− ζ)ω(x − ζ)
|x− ζ|2
,ν
)
,
where
ω =
˜(cζ + d)u(cζ + d)
|cζ + d|2
and ν =
˜(cx+ d)v(cx+ d)
|cx+ d|2
.
Proof. The proof is similar to that of [11, Theorem 8] and [16, Theorem
5.1]. We briefly recall it here. The idea is to prove the identities are true
for a translation, a dilation, a rotation and an inversion, separately. Then,
it is also true for an arbitrary Mo¨bius transformation in accordance to the
Iwasawa decomposition. It is easy to check that (1) and (2) are true under
a dilation, a translation or a reflection. Here, we only show details for the
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inversion case, i.e., φ(x) = x−1, i.e., a = d = 0, b = c = 1. We see that
x−1 − ζ−1 = −ζ−1(x− ζ)x−1 = −x−1(x− ζ)ζ−1.
One can observe that statement (1) is true. For statement (2), one has
Zk
(
x(x− ζ)ζuζ˜(x˜− ζ)x˜
|x|2|x− ζ|2|ζ|2
,v
)
= Zk
(
(x− ζ)ζuζ˜(x˜− ζ)
|x− ζ|2|ζ|2
,
xvx
|x|2
)
,
which is derived from the fact that the reproducing kernel of the spheri-
cal harmonics is invariant under reflection. This can be observed from the
explicit expression of the reproducing kernel given in [1, Theorem 5.38].
Therefore, statement (2) is also true under inversion. Hence, both state-
ments are correct in accordance to the Iwasawa decomposition. 
Let Bm be the open unit ball in Rm and ϕ is the Cayley transform given
as follows.
ϕ : Bm −→ Rm+ , x 7→ z = −
1
2
(x+ em)(emx+ 1)
−1. (3.10)
In particular, if ζ ∈ Sm−1 then ϕ(ζ) ∈ Rm−1. Let x,ν ∈ Bm and PB [h](x,ν)
is defined as
cm,k
2
∫
Sm−1
∫
Sm−1
1− |x|2
|x− ζ|m
Zk
[
(x− ζ)ω(x− ζ)
|x− ζ|2
,ν
]
h(ζ,ω)dS(ω)dS(ζ),
where cm,k is given in Lemma 3.1. Here, we remind the reader that ω and ν
are actually obtained by rotations of u and v, respectively (see more details
in [13, Theorem 6.3]). We claim that
Theorem 3.6 (Dirichlet problem in Bm with continuous data). Suppose
h ∈ C(Sm−1 × Bm,Hk). Define h
∗ in Bm × Bm by
h∗(x,ν) =
{
PB [h](x,ν), if x ∈ B
m, ν ∈ Bm
h(x,ν), if x ∈ Sm−1, ν ∈ Bm.
Then h∗ is continuous in Bm with respect to x, Dkh
∗ = 0 in Bm × Bm and
‖h∗‖L∞(Bm×Bm) ≤ a
′
m,k‖h‖L∞(Sm−1×Bm), (3.11)
where a′m,k is a positive constant only depending on m and k.
Proof. We will prove this theorem by showing that it can be derived from
Theorem 3.3 after applying the Cayley transform ϕ. Recall that, in the
upper-half space case, the function
PH [f ](z,v) =
∫
Rm−1
∫
Sm−1
PH(z, t,u,v)f(t
′,u)dS(u)dt′, z ∈ Rm+ , v ∈ B
m,
solves the Dirichlet problem of bosonic Laplacians, where z = (z′, zm) ∈ R
m
+ .
By plugging ϕ(x) = z and ϕ(ζ) = t as defined in (3.10), where x ∈ Bm and
ζ ∈ Sm−1, into PH [f ](z,v) and by taking into account that zm =
1−|x|2
2|emx+1|2
,
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we obtain
PH [f ](z,v) =
∫
Rm−1
∫
Sm−1
cm,kzm
|z − t|m
Zk
(
(z − t)u(z − t)
|z − t|2
,v
)
f(t′,u)dS(u)dt′
=
∫
Sm−1
∫
Sm−1
cm,k(1− |x|
2)|emx+ 1|
−2
2|emx+ 1|−m|x− ζ|m|emζ + 1|−m
Zk
(
(x− ζ)ω(x− ζ)
|x− ζ|2
,ν
)
× f(ϕ(ζ),u)J(ϕ, ζ)dS(u)dS(ζ),
where J(ϕ, ζ) is the Jacobian and
ω =
˜(emζ + 1)u(emζ + 1)
|emζ + 1|2
and ν =
( ˜emx+ 1)v(emx+ 1)
|emx+ 1|2
.
It can be checked that J(ϕ, ζ) = |emζ + 1|
−2m+2, which implies
PH [f ](ϕ(x),v) =
cm,k
2
|emx+ 1|
m−2
∫
Sm−1
∫
Sm−1
1− |x|2
|x− ζ|m
× Zk
(
(x− ζ)ω(x − ζ)
|x− ζ|2
,ν
)
|emζ + 1|
2−mf(ϕ(ζ),u)dS(u)dS(ζ).
In other words, one has
|emx+ 1|
2−mPH [f ](ϕ(x),v) =
cm,k
2
∫
Sm−1
∫
Sm−1
1− |x|2
|x− ζ|m
× Zk
(
(x− ζ)ω(x− ζ)
|x− ζ|2
,ν
)
|emζ + 1|
2−mf(ϕ(ζ),u)dS(u)dS(ζ). (3.12)
If we let h(ζ,ν) = |emζ +1|
2−mf(ϕ(ζ),v), we obtain from the definition of
PB that
PB [h](x,ν)
=
cm,k
2
∫
Sm−1
∫
Sm−1
1− |x|2
|x− ζ|m
Zk
(
(x− ζ)ω(x− ζ)
|x− ζ|2
,ν
)
h(ζ,ω)dS(ω)dS(ζ).
(3.13)
From (3.12) and (3.13), we have PB [h](x,ν) = |emx+1|
2−mPH [f ](ϕ(x),v).
Since DkPH [f ] = 0 and Dk is conformally invariant [9, Theorem 1], it follows
that
DkPB [h](x,ν) = |emx+ 1|
2+mDk|emx+ 1|
2−mPH [f ](ϕ(x),v) = 0.
With the boundedness of Zk(u,v) and noticing that
1−|x|2
|x−ζ|m is the Poisson
kernel of the Laplacian in the unit ball, we derive (3.11) by using a similar
argument used in the upper-half space case. This completes the proof of
Theorem 3.6. 
From Theorem 3.6, we can denote the Poisson kernel of bosonic Laplacian
in the unit ball by
PB(x, ζ,ω,ν) =
cm,k
2
1− |x|2
|x− ζ|m
Zk
(
(x− ζ)ω(x − ζ)
|x− ζ|2
,ν
)
, (3.14)
where x,ν ∈ Bm, ζ,ω ∈ Sm−1.
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Now, we deal with the Lp data with techniques from [1]. Here, for 1 ≤
p <∞, Lp(Sm−1 ×Bm,Hk) consists of the Borel measurable functions f on
Sm−1 × Bm, for which
‖f‖Lp(Sm−1×Bm,Hk) =
(∫
Sm−1
∫
Sm−1
|f(x,u)|pdS(u)dS(x)
)1/p
< +∞.
L∞(Sm−1×Bm,Hk) consists of the Borel measurable functions f on S
m−1×
Bm for which ‖f‖∞ < +∞, where ‖ · ‖∞ stands for the essential supremum
norm on Sm−1×Bm. We will use ‖·‖p to represent ‖·‖Lp(Sm−1×Bm,Hk) in the
rest of this section when there is no confusion. For f ∈ Lp(Bm × Bm,Hk),
we define fr(η,u) = f(rη,u) with η ∈ S
m−1, u ∈ Bm, and 0 ≤ r < 1. Now,
we claim that
Theorem 3.7. Let 1 ≤ p ≤ ∞, f ∈ C(Sm−1 × Bm,Hk) and g = PB [f ].
Then, for any 0 ≤ r < 1, we have ‖gr‖p ≤ bm,k‖f‖p, where bm,k is a
constant depending on m and k.
Proof. We firstly prove the result for 1 ≤ p <∞. Since Zk(u,v) is bounded,
we have
‖gr‖
p
p =
∫
Sm−1
∫
Sm−1
|gr(η,ν)|
pdS(ν)dS(η)
≤ bm,k
∫
Sm−1
∣∣∣∣ ∫
Sm−1
∫
Sm−1
1− r2
|rη − ζ|m
|f(ζ,ω)|dS(ω)dS(ζ)
∣∣∣∣pdS(η).
Recall that
∫
Sm−1
1−r2
|rη−ζ|mdS(ζ) = ωm, then according to the above estimate
and the Jensen’s inequality, we have
‖gr‖
p
p ≤ bm,k
∫
Sm−1
∫
Sm−1
∫
Sm−1
1− r2
|rζ − η|m
dS(η)|f(ζ,ω)|pdS(ω)dS(ζ)
= bm,kωm
∫
Sm−1
∫
Sm−1
|f(ζ,ω)|pdS(ω)dS(ζ) = bm,k‖f‖p.
We used the fact that |rζ−η| = |rη−ζ|, ζ,η ∈ Sm−1 and Fubini’s Theorem
in the above calculation.
For p =∞, it is easy to observe that
|gr(η,ν)| =
∣∣∣∣ ∫
Sm−1
∫
Sm−1
PB(rη, ζ,ω,ν)f(ζ,ω)dS(ω)dS(ζ)
∣∣∣∣
≤ b′m,k‖f‖∞
∫
Sm−1
1− r2
|rη − ζ|m
dS(ζ) = b′m,k‖f‖∞,
which completes the proof of the theorem. 
An immediate consequence of the theorem above is the following.
Proposition 3.8. Let 1 ≤ p ≤ ∞. Assume that Dkf = 0 in B
m × Bm and
0 ≤ r ≤ s < 1. Then ‖fr‖p ≤ bm,k‖fs‖p.
Proof. From Theorem 3.7, we have ‖fr‖p = ‖PB [fs] r
s
‖p ≤ bm,k‖fs‖p. 
Theorem 3.7 also implies a Lp-convergence of fr as below.
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Theorem 3.9. Assume 1 ≤ p < ∞. Let f ∈ Lp(Sm−1 × Bm,Hk) and
g = PB [f ]. Then
lim
r→1
‖gr − f‖p = 0. (3.15)
Proof. Fix ǫ > 0 and choose h ∈ C(Sm−1×Bm,Hk) such that ‖f − h‖p ≤ ǫ.
Let g′ = PB [h], then we have
‖gr − f‖p ≤ ‖gr − g
′
r‖p + ‖g
′
r − h‖p + ‖h− f‖p.
Notice that gr − g
′
r = PB [f − h]r, which yields ‖gr − g
′
r‖p ≤ bm,k‖f − h‖p <
bm,kǫ by Theorem 3.7. Therefore, one has ‖gr−f‖p ≤ ‖g
′
r−h‖p+(bm,k+1)ǫ.
Since h ∈ C(Sm−1×Bm,Hk), Theorem 3.6 tells us that ‖g
′
r−h‖p → 0 when
r → 1. Hence, limr→1 ‖gr − f‖p ≤ (bm,k + 1)ǫ. Since ǫ is arbitrary and bm,k
depends only on m and k, we conclude (3.15). 
With the Lp-convergence of fr, we obtain the result of the Dirichlet prob-
lem of bosonic Laplacians in the unit ball with Lp data as follows.
Theorem 3.10 (Dirichlet problem in Bm with Lp data). Assume 1 ≤ p <∞
and h ∈ Lp(Sm−1 × Bm,Hk). Define h
∗ in Bm × Bm by
h∗(x,ν) =
{
PB [h](x,ν), if x ∈ B
m, ν ∈ Bm,
h(x,ν), if x ∈ Sm−1, ν ∈ Bm.
Then the following hold
(1). Dkh
∗ = 0 in Bm × Bm,
(2). ‖h∗r‖p ≤ b
′
m,k‖h‖p, where b
′
m,k > 0 is a constant depending on m and k,
(3). limr→1 ‖h
∗
r − h‖p = 0.
4. Uniqueness for solutions of the Dirichlet problems
In this section, we will apply some results of elliptic differential operators
on vector bundles to prove the uniqueness for solutions to the Dirichlet
problems for bosonic Laplacians in the unit ball.
4.1. Estimates regarding linear elliptic differential operators.
Let ζ = (E, π,X) be a real vector bundle of rank s. In this section, we only
consider E = X×Rs, where π : E −→ X is the natural projection, and the
triple θs = (E, π,X) is called the trivial bundle of rank s over X. A bundle
isomorphic to θs is also said to be trivial.
Now, we consider differential operators from θr to θs on an open set
Ω ⊂ Rm. We suppose that the operator is of form
P (f)(x) =
∑
|α|≤n
aα(x)D
αf(x), f ∈ C∞(Ω, r) (4.1)
where α = (α1, · · · , αm) with αj ≥ 0, j = 1, · · · ,m is a multi-index, |α| =∑m
j=1 αj, D
α := ∂α1x1 · · · ∂
αm
xm and C
∞(Ω, r) stands for functions in C∞(Ω)
taking values in Rr. If we replace ∂xj with ηj , then we call p(x,η) =∑
|α|=n aα(x)η
α, x ∈ Ω,η ∈ Rm the principal symbol of the differential
operator P given in (4.1). A linear differential operator of order n from θr
to θs in Ω is called elliptic if and only if for any η 6= 0, η ∈ R
m and x ∈ Ω,
the map p(x,η) : Rr −→ Rs is injective.
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Now, we introduce an estimate from [14], which is crucial in the proof of
uniqueness for the Dirichlet problems given in the next subsection.
Proposition 4.1 (3.6.9, [14]). Let Ω be a bounded open set in Rm and P a
linear elliptic differential operator with constant coefficients from θr to θs of
order n given by Pf(x) =
∑
|α|≤n aαD
αf(x) for f ∈ C∞(Ω, r). Let λ ≥ 0
be an integer. Then there exists a constant C > 0 such that
‖f‖Hn+λ ≤ C‖Pf‖Hλ , for all f ∈ C
∞
0 (Ω, r),
where ‖ · ‖Hλ is the norm of Sobolev space H
λ(Ω).
Remark 4.2. From the proof of 3.6.9 in [14], we can replace the smoothness
condition by continuity condition.
4.2. Uniqueness for solutions of Dirichlet problems. Recall that the
bosonic Laplacian Dk maps C
∞(Bm × Bm,Hk) to itself and its expression
is given by (2.1). In this case, we consider the function space as a trivial
vector bundle E = Bm × Hk, in other words, the base X is the unit ball
Bm and for each point x ∈ Bm, the fiber Ex = Hk. It is easy to observe
that Hk is isomorphic to R
t with t = dimHk simply by matching the basis
elements in both vector spaces. More specifically, let {ϕj(u)}
t
j=1 be the set
of orthonormal basis for Hk with respect to the L
2 inner product over the
unit sphere, and {ej}
t
j=1 be the standard orthonormal basis of R
t. If we
match ϕj with ej , j = 1, · · · , t, then one can see Hk is isomorphic to R
t and
‖ϕj‖L2 = |ej | = 1, j = 1, · · · , t. With this isomorphism, the ellipticity of
Dk proved in Theorem A.1 [6] already implies the ellipticity defined in the
previous subsection for differential operators on trivial bundles.
Recall that the Dirichlet problem for bosonic Laplacians with continuous
boundary data in the unit ball is given by{
Dkf(x,ν) = 0, if x ∈ B
m, ν ∈ Bm,
f(x,ν) = g(x,ν), if x ∈ Sm−1, ν ∈ Bm,
where g ∈ C(Sm−1 × Bm,Hk). Since Dk is linear, to prove the uniqueness
for continuous solutions to the Dirichlet problem above, we only need to
prove that when g = 0, the only continuous solution is f = 0. According
to Proposition 4.1, choosing λ = 0, we have ‖f‖H2 ≤ C‖Dkf‖L2 = 0, which
tells us that f = 0 almost everywhere in Bm×Bm. Further, the continuity of
f in Bm×Bm immediately gives us that f = 0 in Bm×Bm. This completes
the proof of the uniqueness for solutions to the Dirichlet problem in the unit
ball.
5. Properties of null solutions of bosonic Laplacians
In this section, we will use the uniqueness of continuous extension of
Theorem 3.6 to obtain analogs of several results of harmonic functions for
null solutions of bosonic Laplacians when m > 4.
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5.1. Mean value property. Since the Poisson integral formula for a har-
monic function f is given by f(x) =
∫
Sm−1
1−|x|2
|x−ζ|2
f(ζ)dS(ζ), x ∈ Bm, one
can obtain the mean-value property of f over the unit sphere by letting
x = 0. This motivates us that choosing x = 0 in the Poisson integral
given in Theorem 3.6 should give us a mean-value property for null solu-
tions of bosonic Laplacians Dk as well. It is worth pointing out that the
mean-value property discussed below is with respect to the variable x, but
f(x,u) also has a mean-value property with respect to u. This is because f
is harmonic with respect to u in accordance to the definition of the function
space C2(Bm × Bm,Hk).
Theorem 5.1 (Mean-value property: sphere version).
Assume f ∈ C2(B(a, r) × Bm,Hk) ∩ C(B(a, r) × Bm,Hk) and Dkf = 0 in
B(a, r)× Bm. We have
f(a,ν) =
cm,k
2
∫
Sm−1
f(a+ rζ, ζνζ)dS(ζ), ∀ν ∈ Bm,
where cm,k is given in Lemma 3.1.
Remark 5.2. We notice that when f(a,ν) = f(ν), the mean-value property
above reduces to [11, Lemma 6].
Proof. Without loss of generality, we assume that B(a, r) = Bm. Then, we
can obtain the result in B(a, r) by applying a translation and a dilation.
Theorem 3.6 and the uniqueness property tell us that
f(x,ν) =
∫
Sm−1
∫
Sm−1
PB(x, ζ,ω,ν)f(ζ,ω)dS(ω)dS(ζ),
where x,ν ∈ Bm. Let x = 0, then we have
f(0,ν) =
cm,k
2
∫
Sm−1
∫
Sm−1
Zk(ζωζ,ν)f(ζ,ω)dS(ω)dS(ζ)
=
cm,k
2
∫
Sm−1
∫
Sm−1
Zk(ω, ζνζ)f(ζ,ω)dS(ω)dS(ζ)
=
cm,k
2
∫
Sm−1
f(ζ, ζνζ)dS(ζ),
where we have used the facts that Zk(aua,v) = Zk(u,ava) for a ∈ R
m
and that Zk is the reproducing kernel of Hk in the last two steps. 
Further, we can also obtain a volume version of the mean-value property
by changing to an integral over the sphere and the radius.
Proposition 5.3 (Mean-value property: volume version).
Assume f ∈ C2(B(a, r) × Bm,Hk) ∩ C(B(a, r) × Bm,Hk) and Dkf = 0 in
B(a, r)× Bm. We have
f(a,ν) =
m+ 2k − 2
(m− 2)V (B(a, r))
∫
B(a,r)
f
(
x,
ηνη
|η|2
)
dx, ∀ν ∈ Bm,
where η = x−a|x−a| and V (B(a, r)) denotes the volume of the ball B(a, r).
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5.2. Cauchy’s estimates and Liouville-type theorem.
Let α = (α1, · · · , αm) be a multi-index, where αj, j = 1, · · · ,m are non-
negative integers. It is easy to see that for each ζ,ω ∈ Sm−1, the Poisson
kernel PB(x, ζ,ω,ν) given in (3.14) is infinitely differentiable in B
m with
respect to x, where x,ν ∈ Bm. Further, since there are no singular points
occur for PB(x, ζ,ω,ν) when x ∈ B
m and ζ ∈ Sm−1, one observes that
DβvD
α
xPB(x, ζ,ω,ν) are integrable over B
m × Bm, where α, β are multi-
indices.
Recall that if f ∈ C2(Bm × Bm,Hk) ∩ C(Bm × Bm,Hk) and Dkf = 0,
then Theorem 3.6 and the uniqueness for solutions of the Dirichlet problems
yield
f(x,ν) =
∫
Sm−1
∫
Sm−1
PB(x, ζ,ω,ν)f(ζ,ω)dS(ω)dS(ζ), x,ν ∈ B
m.
Differentiating under the integral sign, we can see that f(x,ν) is infinitely
differentiable with respect to x,ν in Bm. This is an analog of the smoothness
property of harmonic functions. Further, we have
DβνD
α
x f(x,ν) =
∫
Sm−1
∫
Sm−1
f(ζ,ω)DβνD
α
xPB(x, ζ,ω,ν)dS(ω)dS(ζ).
We can derive an analog of the Cauchy’s estimates as follows.
Theorem 5.4 (Cauchy’s estimates). Let α, β be multi-indices. Assume
f ∈ C2(Ω× Bm,Hk) and Dkf = 0 in Ω× B
m. Then there exists a constant
cα,m,k such that
|DβνD
α
x f(a,ν0)| ≤
cα,m,k‖f‖L∞(B(a,r1)×B(ν0,r2),Hk)
r
|α|
1 r
|β|
2
,
for any B(a, r1) ⋐ Ω and B(ν0, r2) ⋐ B
m.
Proof. Without loss of generality, we may assume a = 0. Firstly, we consider
the case Ω = Bm and let ‖f‖L∞(Bm×Bm,Hk) =M
′ , then for ν0 ∈ B
m,
|DβνD
α
x f(0,ν0)| =
∣∣∣∣ ∫
Sm−1
∫
Sm−1
f(ζ,ω)DβνD
α
xPB(0, ζ,ω,ν0)dS(ω)dS(ζ)
∣∣∣∣
≤M ′
∫
Sm−1
∫
Sm−1
∣∣DβνDαxPB(0, ζ,ω,ν0)∣∣dS(ω)dS(ζ)
=M ′
∫
Sm−1
∫
Sm−1
∣∣∣∣Dβν ∣∣ν=ν0Dαx ∣∣x=0PB(x, ζ,ω,ν)
∣∣∣∣dS(ω)dS(ζ).
Since there are no singular points of the function PB(x, ζ,ω,ν), which is
a homogeneous polynomial with respect to ν (see page 104 in [1]) where
ω ∈ Sm−1, ν ∈ Bm. This implies that∣∣∣Dβν ∣∣ν=ν0Dαx ∣∣x=0PB(x, ζ,ω,ν)∣∣∣
is bounded when x = 0, ω ∈ Sm−1, ζ ∈ Sm−1 and ν = ν0. Therefore, there
exists a constant cα,m,k, which only depends on α,m and k, such that∫
Sm−1
∣∣∣∣Dβν ∣∣ν=ν0Dαx ∣∣x=0PB(x, ζ,ω,ν)
∣∣∣∣dS(ω)dS(ζ) ≤ cα,m,k.
16 C. DING, P.T. NGUYEN, AND J. RYAN
Hence, we have |DβνD
α
x f(0,ν0)| ≤ cα,m,kM
′. Now, suppose Dkf = 0 and
‖f‖L∞(B(0,r1)×B(ν0,r2),Hk) = M . Then we apply the argument above to
f(r1x, r2ν + ν0) with respect to x, ν ∈ B
m, we obtain
|DβνD
α
x f(0,ν0)| ≤
c′α,m,kM
r
|α|
1 r
|β|
2
.
The proof is complete. 
One can also obtain Cauchy’s estimates with an L1 norm as follows.
Proposition 5.5. Let α, β be multi-indices. Suppose f ∈ C2(Ω×Bm,Hk),
Dkf = 0 in Ω × B
m. Then there exists a constant cα,m,k such that for any
B(a, r1) ⋐ Ω and ν0 ∈ B
m, there holds
|DβνD
α
x f(a,ν0)| ≤
cα,m,k‖f‖L1(B(a,r1)×B(0,1− 14 r2),Hk)
r
m+|α|
1 r2
m+|β|
,
where r2 stands for the distance from ν0 ∈ B
m to the unit sphere Sm−1 and
‖f‖L1(B(a,r1)×B(0,1− 14 r2),Hk)
:=
∫
B(a1,r1)
∫
B(0,1− 1
4
r2)
|f(x,ν)|dνdx.
Proof. Let B(a, r1) ⋐ Ω and ν0 ∈ B
m. Without loss of generality, we may
assume that a = 0. Put M = ‖f‖L∞(B(0,r1/2)×B(ν0 ,r2/2),Hk) < ∞. Then
we apply the argument in the theorem above to f(r1x/2, r2ν/2 + ν0) with
respect to x, ν ∈ Bm to have
|DβνD
α
x f(0,ν0)| ≤
cα,m,kM
r
|α|
1 r
|β|
2
. (5.1)
Next, we assume that f obtains its maximum value M over B(0, r1/2) ×
B(ν0, r2/4) at the point (x1,ν1). We can see that
B(x1,
r1
2
) ⊂ B(0, r1), B(ν1,
r2
2
) ⊂ B(ν0,
3r2
4
).
Therefore, in accordance to the mean-value property, we have
M = f(x1,ν1) =
m+ 2k − 2
(m− 2)V (B(x1,
r1
2 ))
∫
B(x1,
r1
2
)
f
(
x,
ην1η
|η|2
)
dx.
Notice that if we let ην1η|η|2 = ν2, which means that ν2 is obtained from ν1 by
a rotation, then f(x,ν2) ∈ Hk with respect to ν2 ∈ B
m. Further, one can
notice that B(ν2,
r2
2 ) ⊂ B(0, 1 −
1
4r2). Hence, one can use the mean-value
property of harmonic functions to obtain that
|f(x,ν2)| =
1
V (B(ν2,
r2
2 ))
∣∣∣∣ ∫
B(ν2,
r2
2
)
f(x,ν)dν
∣∣∣∣ ≤ c1rm2
∫
B(0,1− 1
4
r2)
|f(x,ν)|dν,
where c1 is a positive constant only depending on m. Therefore, we have
M =f(x1,ν1) ≤
c′
rm2 V (B(x1,
r1
2 ))
∫
B(x1,r1/2)
∫
B(0,1− 1
4
r2)
|f(x,ν)|dνdx
≤ c′′r−m1 r
−m
2 ‖f‖L1(B(0,r1)×B(0,1− 14 r2),Hk)
,
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where the last inequality comes from the fact that B(x1, r1/2) ⊂ B(0, r1)
and c′, c′′ are positive constants only depending on m and k. Combining
with (5.1) completes the proof. 
Remark 5.6. In this proposition, one might notice that the domain of ν in
the L1 norm is B(0, 1 − 14r2) instead of B(ν0, r), which is the form of the
domain of a. This is because of the difficulty caused by ν2 in the proof
above. Actually, ν2 is obtained by a rotation of ν1, and it can be anywhere
on the sphere with the radius |ν1|. Hence, it seems impossible to cover ν2
with a ball B(ν0, r) by a similar argument applied for a. Also, the L
1 norm
defined here is equivalent to the norm defined in (3.5) up to a constant with
similar argument given in (3.6). This constant only depends on m and k
considering 3/4 ≤ 1− 14r2 ≤ 1, since 0 ≤ r2 ≤ 1.
One can apply Cauchy’s estimates to obtain an analog of Liouville’s The-
orem for null solutions of bosonic Laplacians as follows.
Theorem 5.7 (Liouville-type Theorem). Suppose f ∈ C2(Rm × Bm,Hk) ∩
L∞(Rm × Bm,Hk) and Dkf = 0 in R
m × Bm. Then f = f(ν) ∈ Hk.
Proof. Suppose f is bounded byM in Rm×Bm. Let B(a, R) be an arbitrary
ball, then from the proof of the Cauchy’s estimates above, one can immedi-
ately obtain that |∇xf(a,ν)| ≤
cm,kM
R . Since M does not depend on R, we
let R→∞, which gives us that |∇xf(a,ν)| = 0. Hence, f = f(ν) ∈ Hk. 
An immediate consequence of the theorem given above is the following.
Proposition 5.8. Let 1 ≤ l ∈ N. Suppose f ∈ C2(Rm × Bm,Hk), Dkf = 0
in Rm × Bm and
‖f‖L1(B(0,R)×Bm ,Hk) = o(R
l+m) as R→∞.
Then f is a polynomial of x with degree less than l.
Proof. Let (a,ν) be an arbitrary point in Rm × Bm, and B(ν, r2) ⊂ B
m.
Now, we denote |a| = r1, then one can see that B(a, R) ⊂ B(0, R+2r1). In
accordance to the Cauchy’s estimates, we have, for any multi-index α,
|Dαx f(a,ν)| ≤
cα,m,k‖f‖L1(B(a,R)×Bm ,Hk)
Rm+|α|rm2
≤
cα,m,k‖f‖L1(B(0,R+2r1)×Bm,Hk)
Rm+|α|rm2
= cα,m,k
o((R + 2r1)
l+m)
Rm+|α|rm2
, as R→∞.
Since r1, r2 are fixed, and cα,m only depends on α,m, if we let |α| = l and
R → ∞, we have |Dαx f(a,ν)| = 0 for any |α| = l. Further, since (a,ν) is
arbitrary in the domain, it implies that |Dαx f(x,ν)| = 0 for any |α| = l in
Rm × Bm. Hence, f is a polynomial of x with degree less than l. 
The next result provides the convergence property.
Proposition 5.9. Suppose that there is a sequence of functions {fj(x,ν)} ⊂
C2(Ω × Bm,Hk) such that Dkfj = 0 for any 1 ≤ j ∈ N. Further, assume
that {‖fj‖L1(K×Bm,Hk)}
∞
j=1 is uniformly bounded, where K is an arbitrary
compact subset of Ω. Then, there exists a subsequence {fjk} and a function
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f(x,ν) ∈ C2(Ω×Bm,Hk) such that for every multi-index α and any compact
subset K1×K2 of Ω×B
m, {Dαx fjk} converges uniformly to D
α
x f in K1×K2.
Moreover, f ∈ C2(Ω× Bm,Hk) and Dkf = 0 in Ω× B
m.
Proof. Here, we only need to show that there exist a subsequence {fjk} and
a function f(x,ν) ∈ C2(Ω× Bm,Hk) such that for each multi-index α and
each compact subset K1 × K2 of Ω × B
m, {Dαfj} converges uniformly to
Dαf in K1 ×K2 and Dkf = 0 in K1 ×K2.
Let a be an arbitrary point in Ω, and B(a, 2r1) ⊂ Ω, B(0, 2r2) ⊂ B
m.
We choose K = B(a, 2r2), K1 = B(a, r1), K2 = B(0, r2). According to
the assumption, {‖fj‖L1(K×Bm,Hk)} is uniformly bounded by some M > 0.
Then, in accordance to the Cauchy’s estimates given in Theorem 5.4, we
have that for all (x,ν) ∈ K1 × K2, |D
α
x fj(x,ν)| ≤
c
α,m,kM
r
m+|α|
1
rm
2
. By choosing
|α| = 0, 1 above respectively, one can see that {fj} is uniformly bounded
and uniformly equicontinuous in K1 × K2, Arzela`-Ascoli Theorem tells us
that there exists a subsequence {fjk} converges uniformly to a function
f ∈ C2(K1 × K2,Hk) in K1 × K2. Since a, K1, K2 are arbitrary, we
conclude that f ∈ C2(Ω× Bm,Hk).
Further, Dkfjk = 0 tells us that
fjk(x,ν) =
∫
Sm−1
∫
Sm−1
PB(x, ζ,ω,ν)fjk (ζ,ω)dS(ω)dS(ζ),
for every integer jk, and x, ν ∈ B
m. Since {fjk} is uniformly bounded in
every compact subset K1 × K2 ⊂ Ω × B
m, we can take the limit on both
sides to obtain
f(x,ν) =
∫
Sm−1
∫
Sm−1
PB(x, ζ,ω,ν)f(ζ,ω)dS(ω)dS(ζ)
for every x ∈ K1, ν ∈ K2, hence, Dkf = 0 in K1 ×K2. For a multi-index
α, we have
Dαx fjk(x,ν) =
∫
Sm−1
∫
Sm−1
DαxPB(x, ζ,ω,ν)fjk (ζ,ω)dS(ω)dS(ζ).
Since Zk(ω,ν) is a degree-k homogeneous polynomial in ω and ν, we observe
that for every compact subset K1 × K2 ⊂ Ω × B
m, DαxPB(x, ζ,ω,ν) is
uniformly bounded in (x, ζ,ω,ν) ∈ K1 × S
m−1 × Sm−1 ×K2. Thus
lim
j→∞
Dαx fjk(x,ν) = limj→∞
∫
Sm−1
∫
Sm−1
DαxPB(x, ζ,ω,ν)fjk (ζ,ω)dS(ω)dS(ζ)
= Dαx f(x,ν),
which completes the proof. 
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